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1. INTRODUCTION
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( $[\mathrm{S}]_{\text{ }}[\mathrm{B}\mathrm{C}$ , p.124, p.153 and $\mathrm{p}.218]_{\text{ }}$ [SKSF,
Theorem 4.19, p.112])
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$J_{\epsilon}$ $f(J_{j})=I(j=1,2, \ldots, s)$
$s$-horseshoe $(s\in \mathrm{N})$ $\omega$
J. Llibre and M. Misiurewicz
$\omega$
(2) (1) $\omega$
Theorem 1.1. Let $f$ be a continuous map from a graph $X$ to itself. The following
statements are equivalent:
(1) $f$ has positive topologicd entropy.
(2) There exist closed intervals $J,$ $K$ in $X$ with pairwise disjoint interiors and
$n\in \mathrm{N}$ such that $J$ and $Kf^{n}$ -cover $J$ and $K$ .
(3) $f$ has an infinite $\omega$ -limit set which contains a periodic orbit.
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Notation 2.1, $(X, d)$ $\mathrm{Y}$ Int(Y), $\mathrm{C}1(\mathrm{Y})$ , Bd(Y) $=$
$\mathrm{C}\mathrm{l}(\mathrm{Y})\backslash \mathrm{I}\mathrm{n}\mathrm{t}(\mathrm{Y})$





Definition 2.3. $Z$ $\mathrm{Y}$ $Z$ $X$ $\mathrm{Y}$
$\mathrm{Y}$ $X$ $[X]_{\mathrm{Y}}$
$X=\{x, y\}$ $[X]_{Y}=[x, y]_{\mathrm{Y}}$ $(x, y)_{Y}=[x, y]_{Y}\backslash \{x, y\}$ ,
$(x,$ $y|_{\mathrm{Y}}=[x,$ $y]_{\mathrm{Y}}\backslash \{x\}$ and $[x,$ $y)_{Y}=[x, y]_{\mathrm{Y}}\backslash \{y\}$
Definition 2.4. $X$ $x\in X$
$X$ $x$ $U_{x}$ $x$
$U\subset U_{x}$ Card $(\mathrm{B}\mathrm{d}(U_{x}))=\mathrm{C}\mathrm{a}\mathrm{r}\mathrm{d}(\mathrm{B}\mathrm{d}(U))$ Card $(\mathrm{B}\mathrm{d}(U_{x}))$
$x$ (order) $\mathrm{O}\mathrm{r}\mathrm{d}(x, X)=\mathrm{C}\mathrm{a}\mathrm{r}\mathrm{d}(\mathrm{B}\mathrm{d}(U_{x}))$
$x$ $X$ (branch point) $\mathrm{O}\mathrm{r}\mathrm{d}(x, X)\geq 3$ $B(X)$
$X$
$X$ $J$ (closed interval) $X\backslash B(X)$ $e$
$\mathrm{C}1(e)$ $J$
Deflnition 2.5. (X, $d$) f
$J,K$ $Jf$-covers $K$ $L\subset J$
$f(L)=K$
Deflnition 2.6. $f$ (X, $d$)
$f$ $\mathrm{F}(f)_{\text{ }}$ $\mathrm{P}(f)$
$\omega(x, f)=\bigcap_{n=1}^{\infty}\mathrm{C}1(\{f^{k}(x) : k\geq n\})$
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$x$ $\omega$ ($\omega$ -Iimit se $y\in\omega(x, f)$
|J $n_{k}arrow\infty$ $f^{n_{k}}(x)arrow y$ $\omega(x, f)$
$n\in \mathrm{N}$
$f(\omega(x, f))=\omega(x, f),$ $\omega(x, f)=\bigcup_{\dot{:}=0}^{n-1}\omega(f^{i}(x), f^{n}),$ $f(\omega(x, f^{n}))=\omega(f(x), f^{n})$
$([\mathrm{B}\mathrm{C}, \mathrm{p}.72])$ $\omega(x, f)$ , $[\mathrm{B}\mathrm{C}$ ,
Lemma $\mathrm{I}\mathrm{V}4$ , p.72] $\omega(x, f)$
3. LEMMAS
cover
Lemma 3.1. Let $f$ : $Xarrow X$ be a graph map and $J,$ $K$ and $L$ dosed intervals
in $X$ .
(1) If $Jf^{\ell}$ -covers $J$ for some $\ell\in \mathrm{N},$ $Jf^{k\ell}$-covers $J$ for each $k\in$ N.
(2) If $Jf^{m}$ -covers $K$ and $Kf^{n}$ -covers $L$ for some $m,$ $n\in \mathrm{N}$ , then $Jf^{m+n_{-}}$
covers $L$ .
cover
Lemma 3.2. Let $f$ : $Xarrow X$ be a graph map, $K=[a, b]_{K}$ a closed interval
in $X,$ $e$ the component of $X\backslash B(X)$ with $f(a)\in e$ . Let $J,$ $L$ and $L’$ be closed
intervals such that $f(a)\in J\subset e,$ $L\cup L’\subset J\backslash \{f(a)\}$ and $f(a)\in[L\cup L’]_{J}$ . If
$f(b)\not\in[L\cup L’]_{J}$ , then $Kf$ -covers either $L$ or $L’$ .
Lemma 3.3. Let $f$ : $Xarrow X$ be a graph map, and $J$ and $K$ closed intervals in
$X$ with $K\subset f(J)$ . If $f(J)$ is a tree, then $Jf$-covers $K$ .
Lemma 3.1
Lemma 3.4. The statements (1) and (2) in Theorem 1.1 are equivalent.
lemma \mbox{\boldmath $\omega$} \mbox{\boldmath $\omega$}
Lemma 3.5. Let $f$ : $Xarrow X$ be a graph map and $\omega(x, f)$ an infinite with a fixed
point $z_{0}$ . If there exists a point $z_{1}\in\omega(x, f)\backslash \{z_{0}\}$ with $f(z_{1})=z_{0}$ , then $f$ has
positive topological entropy.
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Lemma 3.6. Let $f$ : $Xarrow X$ be a graph map $andx\in X.$ $If\omega(x, f)$ is infinite
with a fixed point $z_{0}$ , then $f$ has positive topological entropy.
4. THE PROOF OF THEOREM 1. 1
Lemma 3.6
Theorem 4.1. The statements (1) and (3) in Theorem 1.1 are equivalent.
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